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Fermat’s Last Theorem. (Wiles, 1995):
Given n > 3 integer, there are no integer solutions
to

unless one (or more) of x,y, z is zero.

Proof:

A little too long to fit into this talk.

((QED??



What if we used Polynomials instead of Integers?

Notation:
C[t] = {polynomials with coefficients in C}.

e.g.:
5 — 7t + ¢t
(14 + 20) + 17t — (5 — 34)¢*®
T+V2i

0

Recall: A polynomial f(¢) € C[t] is a function of the
form:

f(t) = adtd + ad_ltd_l S alt + ag,

where every a; € C.

We usually assume aq # 0, in which case
d = deg(f) = dy is the degree of f.

| Let’s declare deg(0) = —o0. |



Theorem. (Fermat for polynomials):

Let n > 3 be an integer. There are no polynomials
f,g,h € Cl|t] such that

except for the cases that:

e at least one of f, g, h is the zero polynomial,
or

e f.g,h are all constant,
or

e f is a constant times g.

Note: n = 2 has many solutions. E.g., for any poly-
nomial f(¢),

(P =D+ 2= (f+1)%



Review of Polynomials and Degrees

To say f = g means: for every ty € C, f(tg) = g(to).

Equivalently, f and g have exactly the same coetfh-
clents.

Note:
o If f = agis anonzero constant, we say deg(f) = 0.

o [f f = 0 is the zero polynomial, we either don’t
talk about its degree or say that deg(f) = —o0.

o deg(f - g) = deg(f) + deg(g).

o If f is not a constant, deg(f') = deg(f) — 1.



Roots of Polynomials

Given a nonzero polynomial
f=agt’+-- +ag
(with ag # 0), there are exactly d roots
Q1,09,...,0q
so that

fA)=aq-t—ay)-(t—ag)----- (t — ag).

Furthermore, the above factorization of f is unique.

Examples.
ft)=t> =3t + 2t =t(t — 1)(t — 2)

gt) =t*+4 = (t — 20)(t + 210)

h(t):2t3—3t2+1:2(t+%> (t—1)(t —1)

:2<t+%) (t —1)?



Example: Are there numbers a,b € C so that

(t+1)°(t+2)4 (P +at—3) = (t—2)(t—1)*(t"+bt+6) ?

Answer: NO!
We could multiply it out, but here’s an easier way:

If the above polynomials were equal, then they would
be a single polynomial of degree 12.

This polynomial has as roots at least the following:
e —1, appearing o times,
e —2, appearing 4 times,
e 2, appearing 3 times
e 1, appearing 2 times

That’s already 5+ 4 4 3 + 2 = 14 roots for a degree 12
polynomial, which is impossible.



Roots and Derivatives

If f € Clt] and if « is a root of f, appearing with
multiplicity r > 1, then

ft) = (t —a)g(t)

for some polynomial g(t).

Thus,
fle)=r(t—a)g(t)+ (t — a)'g'(t)

=(t—a) " rgt) + (t —a)g' ()]
some polynomial

That means the polynomial f’ has « as a root with
multiplicity (at least) r — 1.



Definition.
Given a polynomial

ft)=Alt —a1)" (t —ag)? - (t —ay)"™",

with aq, ..., a4 distinct, the radical of f is the poly-
nomial

rad(f) = (t — on)(t — o) - -+ (t — a)

Note 1: If f is not constant, then

1 < deg(rad(f)) < deg(f),

Note 2: The number of distinct roots of f is

k = deg(rad(f)).

Note 3:
k

ZTZ':d.

1=1



Theorem.
(abc for polynomials; Stothers, Mason, early 1980s)

Let a(t), b(t), c(t) be nonzero polynomials, not all con-
stant, such that

(1)a+b=c, and

(2) @ and b have no common roots.

Then:

max{deg(a),deg(b),deg(c)} < —1 + deg(rad(abc)).

That is:

the largest degree of a, b, and ¢
is strictly less than

the total number of distinct roots of a, b, and c.
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Without loss:
The largest degree is deg(a) = deg(b) = d > 1.
Let d. = deg(c). Then 0 < d. < d.

Factor the polynomials as:

a(t) = At —aq)™(t —ag)® - (t — ap)®
b(t) = B(t — B1)"* (¢ — B) -~ (t — Bo)"
c(t) = Ot =)™ (t = 72) - (E = Ym)™

By hypothesis, note that:

o1+ - -+qgpr=r1+---+1r1=4d,
051t s =d.
eay,...,a B1,...,00,7,---,Ym are all distinct.

Let N =k + ¢+ m = deg(rad(abc)).

Our goal is to show: d < N — 1.
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Proof of Fermat for Polynomials:

Suppose n > 3 and f" + g™ = h", where
f, g, h are nonzero, and
f 1s not a constant multiple of g.

If f and g have a common root a € C, then so does h.
So divide both sides by (z — a)™.

Keep doing this until f and g have no common roots.

Rearrange so that deg f = d > deg(g), deg(h).
By abc Theorem,

d ") < —1 + (#distinct roots of f"¢g"h")).
eg(f") < (##distinct roots of f"g"h"))

nd < deg(fgh) < 3d
S0
nd < 3d — 1,
1.e.,
(n —3)d < —1.
Contradiction!

QED
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Back to Integers

Given a positive integer n > 1, what’s the analogue of
the “degree” of n?

Idea:
2548 =2-10°+5-10°+4-10 + 8
vs. 2-4+5-t2+4-t+8

So “degree” is roughly analogous to “number of digits”,
which means (roughly) log |n/|.

Another parallel:

deg(fg) = deg(f) + deg(g)

log |mn| = log |m| + log |n|
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What about the radical of an integer?

Polynomials have factorizations
ft) = Alt — )" (t —ag)™ - (£ — o)™,
and the radical of f is

rad(f) = (t — o) (t — ag) - - - (t — ag).

Similarly, integers have prime factorizations

1,72 Tk

n==£p;'py--py-

1,72

So we define the radical of n = +p}'p3*- - - p;* to be

rad(n) = pipa- - P
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Conjecture:

There is a constant C' € R with the following property.
For all positive integers a, b, ¢ € N satistying:

(1)a+b=c
and

(2) @ and b have no common prime factors,

we have

max{loga,logb,logc} < C + log (rad(abc)).

10Ec

Recall: If abc = p;'py? - - - pF, then

rad(abc) = p1ps - - - P
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Lemma. For any integer 5 > 0,

32") _ 1 is divisible by 2/+1.

Proof of Lemma: By induction on j:

For j =0, 3" — 1 = 2 is divisible by 2"t =

o

If the statement is true for some 7 > 0, then

AR (32*" _ 1) - (32j + 1) |

\ . 4 \ . >4

divisible by 2/+1 divisible by 2

Thus, 32 is divisible by 2/+2.
QED Lemma

16



So for each 5 > 0, write 32 1= 2j+1nj,
for some integer n; > 1.

Note (for later) that n; < 32’ /9d+1,

.o+l Y
Then: 2" 'n; + _1_=3°_.
(Ij bj Cj

We compute:
log max{a;,b;, c;} = log (32j) = 27 log 3, and

lograd (a;bjc;) < log(2-3:n,;) =log6+ log(n,)
< log6 + log (32j) — log(2j+1)
= log6 + 2/ log3 — (j + 1) log 2.

So if the conjecture were true, we would have

27 1og3 < C +log6 + 2/ log3 — (5 + 1) log 2,

1.e.
(j+1)log2 < C +logh

for all 5 > 0, which is impossible.
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The abc Conjecture:

For any ¢ > 0, there is a constant C. € R with the
tfollowing property.

For all positive integers a, b, ¢ € N satisfying
(1)a+b=c
and

(2) @ and b have no common prime factors,

we have

loge < C: + (1 + ¢) log(rad(abc)).

[Proposed by David Masser and Joseph Oesterlé in
1985.]
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Given a, b, c as in the conjecture, let

log c
b,c) = :
R, b,¢) log rad(abc)

“Most” of the time, R is a lot smaller than 1:
Example: 18384 + 73295 = 91679 is

2.3.383+5-107-137=72-1871,  with

log(91679)

R:
log(2-3-5-7-107- 137 - 383 - 1871)

Example: 5° + 3* = 2 - 103, with

~ log(206)
~ log(2-3-5-103)

R = 0.663007 . ..

1 + 2400 = 2401 1s

14+2°-3.52=7"  R=145573...,

which is number 34 on the all-time worst (best?) list
of known (a, b, ¢)-triples.

19

= 0.40201 . ..



Top ten worst known (a,b, c)-triples:

a b C R
2 3. 109 23° 1.62991 ...
11% 3%.5%.73 221.93 1.62599. ..
19 - 1307 7297 .31° 28 .3%2. 5% 1.62349 . ..
283 5. 137 28.3%.17° 1.58075. ..
1 2.37 5. 7 1.56788 . ..
7 31v 211, 929 1.54707 . ..
7241731131119 .132-.79| 2.3%.5%3.953 [1.54443...
53 29.317.13% |11°-17-31°-137|1.53671 . ..
13-19° 230. 5 38 .11%-31 1.52699. ..
31%.23-2269] 17°-29 - 31° 210 . 52 . 7lo 1.52216. ..

For a list of all 215 known (a, b, ¢) triples with R > 1.4,
see Rosenheinrich’s list at:

http://www.minet.uni-jena.de/"aros/abc.html

(or google “abc ratios”)

The same list, with more information, appears at de Smit’s

page at:

http://www.math.leidenuniv.nl/"desmit/abc/

For more on the abc conjecture, see Nitaj's page at:

http://www.math.unicaen.fr/"nitaj/abc.html

(or google “abc conjecture”)
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